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The International Symposium on Perception, Action, and Cognitive Systems (PACS) is a premier venue for 

the science and engineering of embodied cognitive systems that sense, act, reason, and learn in real-world 

environments. The fundamental significance of embodied cognitive systems has long been recognized in 

science, but its industrial importance realized only recently by new technologies, such as the Internet of 

things, mixed reality, wearable devices, personal robots, and autonomous cars. The goal of PACS is to bring 

international researchers from academia and industry together to present recent progresses and discuss 

new frontiers in interdisciplinary research and convergence technologies for embodied cognitive systems. 

The topics of PACS cover the integrative research in the following areas:

AIMS AND SCOPE

• Action Science

• Anticipatory Systems

• Artificial Intelligence

• Augmented Cognition

• Autonomous Learning

• Brain-like Systems

• Cognitive Architectures

• Cognitive Robots

• Complex Adaptive Systems

• Conversational Agents

• Cyber-Physical Systems

• Embodied Cognition

• Emotion Machines

 

• Haptic Interfaces

• Human-Robot Interaction 

• Human-Level AI

• Intelligence Augmentation

• Internet of Things

• Machine Cognition

• Mind Machines

• Perceptual Computing

• Personal Robots

• Self-aware Systems

• Smart Machines

• Wearable Agents
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PROGRAM

Day 1: Thursday, November 2

08:30 - 09:15 Registration

09:15 - 09:30 Welcome and Introduction

Byoung-Tak Zhang, Program Co-Chair
Bonghee Hong, President of KIISE
Cheol-Gi Nam, Ministry of Science and ICT

09:30 - 11:00 Neural Network Models of Mind 

Gary Cottrell
UCSD, USA

11:00 - 12:30 A Control Based View on Intelligence 

Bert Kappen
Radboud Univ., Netherlands

12:30 - 14:00 Lunch & Poster Session 1

14:00 - 15:30 The Neural Code at the Base of Perception, Action and Cognition

Christoph von der Malsburg
FIAS, Germany

15:30 - 16:00 Coffee Break & Poster Session 1

16:00 – 17:30 Developmental Robotics for Language Learning, Trust and Theory of Mind

Angelo Cangelosi 
Plymouth, UK

17:30 – 20:00 Reception & Poster Session 1

Day 2: Friday, November 3

09:30 - 11:00 Machine Intelligence in a Complicated World

James Kwok 
HKUST, Hong Kong

11:00 - 12:30 Joint Language-Vision Inference in Machines and Humans

Jeffrey Siskind
Purdue Univ., US

12:30 - 14:00 Lunch & Poster Session 2

14:00 - 15:30 The Next Generation of Artificial Intelligence (Panel Discussion) 

Byoung-Tak Zhang (Panel Discussion)
Panelists: Plenary speakers

15:30 – 15:40 Award & Farewell

※ The above schedule is subject to change.

72017 International Symposium on Perception, Action, and Cognitive Systems | 

November 2-3, 2017

PACS 2017
Next Generation AI



PLENARY TALK 1

Abstract 

Deep learning is all over the news. In this talk, I will explain what deep learning is, and why it has become so 

important in the last few years. I will describe a few applications, how you can interact with deep networks (hint: 

you can use them on your cell phone), and describe how deep networks have become the best models of the 

human visual system. 

Bio 

Garrison W. Cottrell is Professor of Computer Science and Engineering at the University of California, San 

Diego. He obtained the BS degree in Mathematics and Sociology from Cornell University in 1972, and MS and 

PhD degrees from the University of Rochester in 1981 and 1985, respectively. After a postdoctoral position 

with David Rumelhart at UCSD, he joined the CSE Department there. His research is strongly interdisciplinary. 

It concerns using neural networks as a computational model applied to problems in cognitive science and 

artificial intelligence, engineering and biology. He has had success using them for such disparate tasks as 

modeling how children acquire words, studying how lobsters chew, and adaptive information retrieval. His 

main focus is on modeling visual perception of faces, objects, and scenes.

Deep Learning: What’s All the Fuss About?

Gary Cottrell

UCSD(University of California San Diego), USA

11.2(Thur)  09:30 - 11:00
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PLENARY TALK 2

Abstract 

When comparing how humans learn to how robots learn, there are a number of striking differences: Humans 

are continuously engaged in autonomous learning of many tasks simultaneously, generating massive amounts 

of data from a very large number of real-time sensor readings. Instead, robot learning is characterized by the 

use of a small number of trials (10-100), aims to learn individual tasks, and use limited sensing. As a result, the 

learned robot behavior poorly generalizes to new tasks and situations. 

In this talk, I will introduce a novel approach to modelling intelligent behaviour that integrates control and 

learning. The key idea is the recently developed path integral control theory, that has the ability to solve large 

non-linear stochastic control problems in real time. The presentation consist of two parts: In the first part, the 

path integral control theory is presented and illustrated on some robotic tasks. It is shown, that motor learning 

relies essentially on stochastic simulation. In the second part, it is argued how this idea can be embedded in a 

cognitive architecture. 

Bio 

Bert Kappen is professor of physics and head of the SNN Research group at the Radboud University in 

Nijmegen, the Netherlands and honorary faculty at UCL’s Gatsby Computational Neuroscience Unit in London. 

Since 1989, he is conducting research on neural networks, Bayesian machine learning, stochastic control 

theory and computational neuroscience. His research has made significant contributions to approximate 

inference in machine learning using methods from statistical physics; he has pioneerd the field of path 

integral control methods for solving large non-linear stochastic optimal control problems and their relation to 

statistical physics. He co-founded in 1998 the company Smart Research that commercialises applications of 

neural networks and machine learning, such as forensic software for DNA matching used by leading forensic 

institutes in the Netherlands, Australia, Vietnam and Interpol.

A control based view on intelligence

Bert Kappen

Radboud Univ. Nijmegen

11.2(Thur) 11:00 - 12:30
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PLENARY TALK 3

Abstract 

A mere three years enable infants to understand and represent the immediate environment, act in it, speak 

about it, be conscious and learn from single experiences. To make this possible, the organism needs less 

than one Gigabyte of genetic information and a nursery as learning ground that could probably be generated 

as virtual reality with the help of another Gigabyte worth of program volume. Psychologist estimate that the 

human brain picks up about two bits of information per second, and three years amount to less than 100 

million seconds. By contrast, to describe the wiring of cortex alone takes about a Petabyte, a million times 

beyond the amount of information going into the brain! The explanation of this discrepancy must be that the 

neural code, the data structure represented by the neural tissue, has a very powerful structural prejudice. 

What is that prejudice? 

Bio 
Christoph von der Malsburg obtained his PhD with a topic in elementary particle physics at CERN, Geneva, 

and the University of Heidelberg, Germany, in 1970. He then joined the Section Neurobiology of the Max-

Planck-Institute for Biophysical Chemistry in Gottingen until he became, in 1987, Professor of Computer 

Science, Neuroscience, Physics and Psychology at the University of Southern California in Los Angeles. In 

1990 he founded Institute for Neural Computation at Ruhr-Universtity Bochum. In 2007, when he joined the 

Frankfurt Institute for Advanced Studies as Senior Fellow. His research interests are focused on processes 

of organization in the brain with emphasis on the structure and function of the visual system. His early 

publications concerning the theory of self-organization of regular fiber projections in the visual system made 

him a pioneer of this field.  He is also known for his criticism of the theory of neural networks according to 

which the generally accepted view suffers of the binding problem.  To solve it he formulated the Dynamic Link 

Architecture, a system of rapidly switching net fragments, as applied for instance to face recognition.

The Neural Code at the Base of Perception, Action and 
Cognition

Christoph von der Malsburg

FIAS(Frankfurt Institute for Advanced Studies), Germany
11.2(Thur) 14:00 - 15:30
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PLENARY TALK 4

Abstract 

This talk presents recent research on the development of language and theory of mind skills for communication and 

trust in developmental robots and human-robot interaction (Cangelosi & Schlesinger 2015).. For a communication point 

of view, ample theoretical and experimental research on action and language processing and on number learning 

and gestures clearly demonstrates the role of embodiment in cognition and language processing. In psychology and 

neuroscience this evidence constitutes the basis of embodied cognition, also known as grounded cognition (Pezzulo 

et al. 2012; Borghi & Cangelosi 2014). Another key developmental milestone is the acquisition of theory of mind (ToM) 

and its effect in the building of trust, which also benefits from a sictuated, embodied approach. During the talk we 

will first present examples of developmental robotics models and experimental results from iCub experiments on 

the embodiment biases in early word acquisition and grammar learning (Morse et al. 2015; Morse & Cangelosi 2017) 

and experiments on pointing gestures and finger counting for number learning (De La Cruz et al. 2014). We will then 

present a novel deveklopmentl model, and experiments, on ToM and its use for autonomous trust behavior in robots. 

The implications for the use of such embodied approaches for embodied cognition in AI and cognitive sciences, and 

for robot companion applications will also be discussed.

Bio 

Angelo Cangelosi is Professor of Artificial Intelligence and Cognition and the Director of the Centre for Robotics 

and Neural Systems at Plymouth University (UK). Cangelosi's main research expertise is on language grounding 

and embodiment in humanoid robots, developmental robotics, human-robot interaction, and on the application 

of neuromorphic systems for robot learning. He currently is the coordinator of the EU H2020 Marie Skłodowska-

Curie European Industrial Doctorate “APRIL: Applications of Personal Robotics through Interaction and Learning” 

(2016-2019). He also is Principal investigator for the ongoing projects “THRIVE” (US Air Force Office of Science 

and Research, 2014-1018), the H2020 project MoveCare, and the Marie Curie projects SECURE and DCOMM. 

Overall, he has secured over £30m of research grants as coordinator/PI. Cangelosi has produced more than 250 

scientific publications, and has been general/bridging chair of numerous workshops and conferences including 

the IEEE ICDL-EpiRob Conferences (Frankfurt 2011, Osaka 2013, Lisbon 2017, Tokyo 2018). Cangelosi is Editor 

(with K. Dautenhahn) of the journal Interaction Studies, and in 2015 was Editor-in-Chief of IEEE Transactions on 

Autonomous Development. His latest book “Developmental Robotics: From Babies to Robots” (MIT Press; co-

authored with Matt Schlesinger) was published in January 2015, and recently translated in Chinese and Japanese.

Developmental Robotics for Language Learning, Trust and 
Theory of Mind

Angelo Cangelosi

University of Plymouth, UK
11.2(Thur) 16:00 - 17:30
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PLENARY TALK 5

Abstract 

Artificial intelligence is now widely used in both the physical world and social world, from personal assistants, 

self-driving cars, automated customer service to product recommendations. Consequently, the underlying 

machine learning tasks also vary from the more traditional classification/regression type of problems to the 

generation of realistic images, texts and audios. Depending on the amount of data/hardware available and 

the problem complexity, a large number of deep and non-deep learning models have been developed over 

the years. Domain-specific user preferences and problem characteristics can be incorporated by designing 

appropriate model structures and regularizers. Examples include the use of convolutional structures in image 

applications, and low-rank matrix regularizers in collaborative filtering applications. The resultant model 

often involves smooth/nonsmooth and convex/nonconvex components, making model inference difficult and 

computationally expensive. Moreover, with the increasing proliferation of the internet of things and wearable 

devices, deploying machine learning models onto these small computing devices imposes significant time 

and space limitations. In this talk, I will describe recent approaches that learn the deep and non-deep learning 

models efficiently, and also on compression deep learning models so that the network size can be reduced 

without sacrificing performance. 

Bio 

Prof. Kwok is a Professor in the Department of Computer Science and Engineering, Hong Kong University 

of Science and Technology. He received his B.Sc. degree in Electrical and Electronic Engineering from the 

University of Hong Kong and his Ph.D. degree in computer science from the Hong Kong University of Science 

and Technology. Prof. Kwok served/is serving as an Associate Editor for the IEEE Transactions on Neural 

Networks and Learning Systems and the Neurocomputing journal. He has also served as Program Co-chair 

of a number of international conferences, and as Area Chairs in conferences such as NIPS, ICML, ECML and 

IJCAI. He is an IEEE Fellow.

Machine intelligence in a complicated world

James Kwok

HKUST, Hong Kong

11.3(Fri) 09:30 - 11:00
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PLENARY TALK 6

Abstract 

I will present several frameworks for performing joint inference across vision, language, and motor control. The 
first is a unified cost function relating video, sentences, and a lexicon. Multidirectional inference supports video 
captioning, producing sentences from video and a lexicon, video retrieval, searching for video given a sentential 
query and a lexicon, and language acquisition, learning a lexicon from sententially annotated video. The second 
is a unified cost function relating mobile robot navigation, sentences, and a lexicon. Multidirectional inference 
supports language acquisition, learning a lexicon from sententially annotated navigational paths, generation, 
producing sentential descriptions of mobile robot paths driven under teleoperation, and comprehension, 
automatically driving a mobile robot given sentential description of route plans. The third uses sentential 
annotation to assist video object codiscovery. Joint inference between video and language can be used to 
discover objects without any pretrained object detector models from a small number of example videos that 
have been annotated with sentential description but no object bonding boxes. Finally, I will present investigation 
of how the human brain performs joint inference between language and vision. FMRI studies allow training 
computer models to recover semantic content from brain scans. We can train models solely on subjects 
watching video and use the models to recover semantic content from brain scans of different subjects reading 
sentences. We can similarly train models solely on subjects reading sentences and use the models to recover 
semantic content from brain scans of different subjects watching video. The ability to perform cross modal 
and cross subject decoding, as well as the significant overlap in brain regions used by the models, points to a 
common semantic representation employed by the human brain across modality and subject.

Bio 

Jeffrey M. Siskind received the B.A. degree in computer science from the Technion, Israel Institute of Technology, 
Haifa, in 1979, the S.M. degree in computer science from the Massachusetts Institute of Technology (M.I.T.), 
Cambridge, in 1989, and the Ph.D. degree in computer science from M.I.T. in 1992.  He did a postdoctoral fellowship 
at the University of Pennsylvania Institute for Research in Cognitive Science from 1992 to 1993.  He was an 
assistant professor at the University of Toronto Department of Computer Science from 1993 to 1995, a senior 
lecturer at the Technion Department of Electrical Engineering in 1996, a visiting assistant professor at the University 
of Vermont Department of Computer Science and Electrical Engineering from 1996 to 1997, and a research 
scientist at NEC Research Institute, Inc. from 1997 to 2001.  He joined the Purdue University School of Electrical 
and Computer Engineering in 2002 where he is currently an associate professor.  His research interests include 
computer vision, robotics, artificial intelligence, neuroscience, cognitive science, computational linguistics, child 
language acquisition, automatic differentiation, and programming languages and compilers.

Joint Language-Vision Inference in Machines and Humans

Jeffrey Siskind

Purdue Univ., USA

11.3(Fri) 11:00 - 12:30
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REGISTRATION

Early Registration Deadline: October 25, 2017

Registration Fee

Early Registration After the Early Registration

General KRW 500,000 / USD 500 KRW 600,000 / USD 600

Student KRW 250,000 / USD 250 KRW 300,000 / USD 300

On-line Registration:

http://www.kiise.or.kr/conference/PACS/2017/

Contact:

Heesoo Choi, +82-2-588-9246 / hschoi@kiise.or.kr
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The symposium will be held at the Engineer House(#310) (see the map below) of Seoul National University (SNU 

address:1 Gwanak-ro, Gwanak-gu, Seoul 08826, Korea; Google Maps). 

The SNU is in the outskirt of Seoul, the capital city of South Korea, and is located 6 miles south of the 

downtown Seoul and easily reach able by subway and bus.
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Abstract—Data transmission at large scale is not only a very 
important role in the enterprise market, but also important in 
terms of analysis. There is a lot of controversy about how to test 
in the process of data transmission between client and server 
between internet cloud. We focus on interoperability of data; it is 
possible to derive the outcome. The most fundamental research 
results that are used in large-scale data analysis 

I. INTRODUCTION 

There have been a thousand of research on the transmission 

and delivery of data in large-scale enterprise markets, such as 
energy, finance, and healthcare domain, where large-volume 
of data is transmitted [1]. Among them, communication 
protocol is mainly focused on energy industry with a special-
purpose measurement based on a large-scale data, and data 
interoperability transactions and analysis are mainly 
performed through experiments of intelligent power networks 
and protocol research [2]. But now, from the perspective of 
data analysis, we have reached a point of utility provider 
which is a part of large-scale energy enterprise. In particular, 
it is an important issue that the transmission of such data is 
compatible between the client and the server, which is a set of 
experimental platform, that describes the situation of using the 
Internet network and checking resource limits and information. 
Therefore, we need to look at the overall analysis of the 
transmission of data between clients and servers.  
   The availability of the data is important from the point of 
view of providing the utility, that is, providing the analysis 
data directly or indirectly, while there are energy providers 
who define it as a service and provide it as a solution [3]. 
Overall, network-level delivery systems are absolutely 
required to reduce losses in large-scale enterprise markets. 
 

II. DATA-CENTRIC ENERGY SERVICE 

A. Demand and Response of Data  

Step-by-step approaches to demand and response (DR) 
should be considered to look at data-centric services. The 
widely known Open ADR configuration and services provide 
an open service to facilitate testing between the client and the 
server and ensure data interoperability [4]. It has already 

proven its reliability in large scale enterprise markets like the 
energy market and it can be widely used in other domains. 

B. Structure of Data-Centric Energy Service 
openADR is an international DR communication protocol 

that is used for sending and receiving DR events between an 
intelligent demand management server and a load 
management business server. Here, the data is data transmitted 
between the client and the server, and the format is not 
particularly limited. However, being in a jason or xml format 
and not explicitly doing this in one form is to be free of 
compatibility issues. Another important point is that when a 
client and a server are communicated around the internet 
crawler, the communication between the terminal side (VTN) 
and the end side (VEN) is made by a systematic transmission 
system of demand and response. The API is called through the 
parsing step.  
  Once connected, the end side (VEN) can then be 
reconfigured back to the terminal side (VTN) for 
interoperability, so that the end side (VEN) can also be 
regarded as the terminal side (VTN). In this way, once the 
determined end (VEN) is connected to the network over the 
network several times, it is possible to interoperate with each 
site. Figure 1 illustrates the connected situation in the Internet 
architecture where the communication between the client and 
the server takes place and fully reflects the concept of demand 
and response. 

 
Figure 1. System Configuration of OpenADR Service 

 
For pre-work for communication between client and server, 

system setup and server registration are performed to register 
VEN to VTN. The VTN is the same as using the existing 
electric power research institute (EPRI) server [5], but when 
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registering the actual VEN, it should be registered in the same 
way as the registered VEN in [EPRI] - [VENs] of the test 
agency. Moreover, the VEN list and the VEN list registered in 
the actual database must be the same. In order to prove the 
relation that a large amount of data is transferred, a method of 
collectively testing the steps of automatically generating a 
Report from the BootStrap through the process of Poll has 
been selected. You can freely configure the graphic user 
interface (GUI) menu display format. To do this, import VTN 
TestHarness into Eclipse (integrated design environment; 
IDE) and execute it. 

In this case, in the Specification of OpenADR 2.0b 
TestHarness, check the description of the sequence to be 
tested 
There is another sequence while the client and the server 
tested, we have selected a Bootstrap Sequence of VEN, so that 
Pull test confirms that it is N1_0020_TH_VTN_n, and its 
procedure is as follows. 
 
Design environment IDE (eclipse) 
Registration party ven> registerparty 
Test script N1_0020_TH_VTN_1.java 

 
where, n is a numerous, from 1, …, n. 

 
You will see the test procedure in Scenario Details. Figure 

2 below illustrates the Test Case and Scenario in Specification, 
and the figure below is the result of a test screen that runs 
VTN in IDE environment as a case. 
 

 
 

Figure 2. (Top)Test Case and Scenario in Specification, 
(bottom) Run VTN in IDE as Case 

 

III. TEST SETUP 
We cannot detail some of the setup steps to run the client 

and server tests that we want, but we'll take a rough setup 

process [6]. In addition, we can use the basic Internet 
communication network, but we prefer communication 
between the terminal and the cloud instead of the terminal-
terminal communication seen from the communication 
between the client and the server. 

 
Test Configuration and Setup 

VTN – C:\Users\LG\eclipse-workspace_VTN 
VEN – Amazon Web Service: ubuntu 
CPU memory usage  –  
Development Environment, Putty – Ubuntu 14.04 
Login through Ubuntu, transferring by WinSCP 

OpenADR20bCertTest_v1_0_6VEN file 

 
In addition, as is also done for the database settings set at 

the same time, details of the work for this is as follows. 
 

 
 
As a method, check the version of mysql installed on 

Ubuntu and install mysql version 5.6. 

IV. CONCLUSION 
In conclusion, data-driven client and server testing can be 

done by using the Internet cloud as an intermediary, and many 
methods are proposed to prove this. It has been proved by the 
specific situation that the test method of changing the data-
driven server side back to the client to test the energy-driven 
demand and response 
   In other words, when large scale enterprise data is 
transferred, the more the amount of data transferred between 
the client and the server, the more the test method becomes. 
This reveals that large scale enterprise market becomes 
increasingly important during data transmission, and test setup 
and environment configuration are verified by this. 
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Abstract—The Artificial intelligence is defined apparently 
intelligent behavior dealing with the learning, problem-solving, 
pattern recognition. Nowadays, the AI is key things in medical 
fields (1). Doctors have found a wide range of application of 
artificial intelligence because it allows doctors and other medical 
professional to make more accurate diagnosis to their patients. 
However, there are limited equipment and resources in the medical 
fields. Particularly, it is a serious in craniosynostosis which is a 
disease where one or more of the fibrous sutures in an infant skull 
prematurely fuses by turning into the bone, thereby changing the 
growth pattern of the skull.  Especially, in that case of 
reconstructive surgery, although the professionals analyze CT 
images of the patients and have scenarios how to they will operate 
based on the location and direction of osteotomy lines of patients, it 
is hard to do surgery as the same as the plan. Also, they cannot 
consider enough the various cases of the patient’s condition since 
there is no sufficient datasets. As a result, they cannot help 
operating on patients in uncertain situations. At this point, we 
suggest a system to assist the reconstructive surgery using the 
artificial intelligence: convolution neural network.  

Keywords—artificial intelligence, craniosynostosis, convolution 
neural network, cranial index, medical 

 

I. INTRODUCTION 

A. Motivation 
Artificial Intelligence (AI) is a field of computer science in 

which machines perform tasks similar to human intelligence, 

such as learning and reasoning. Machine learning is an artificial 
intelligence that describes the areas in which algorithms and 
techniques are developed that enable computers to learn. 
Currently, the artificial intelligence is combined with many 
medical fields The first representative example is VUNO-net. 
This system used deep learning technology for detecting lung 
cancer. The second example is DIB; image recognition 
technology which is also for detecting the lung disease and breast 
cancer diagnosis. The last thing is IBM’s Watson which is 
famous worldwide. Many hospitals are introducing Watson. And 
the patient’s satisfaction is also high. Like this, the artificial 
intelligence is expanding the area it can affect positively. 
However, there is no research on the skull surgery with artificial 
intelligence. even though that field needs the help of the 
technology. So, we propose a system to assist the surgical method 
of skull operation especially craniosynostosis using convolution 
neural network. 

B. Background 
The surgical procedure for craniosynostosis follow the steps. 

First, doctors decide the surgical method for the 
patients,  analyzing their CT and X-ray photography. When the 
doctors peel off the patient's skull skin during operation, they 
draw a line on the skull and make an osteotomy along the line. 
After then, the bones are reassembled according to the type of 
craniosynostosis and then sutured again. Currently, they are 
performing the surgery by only analyzing CT and X-ray which is 
2 dimension images. The main problem is that it makes the 
accuracy of the osteotomy line lower. As a result, the 
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postoperative result does not correspond to the expected one. 
Besides, the lack of operating history data about the each 
craniosynostosis may result in failure to fully consider the 
patient's condition in various cases. Therefore, the system to 
assist the surgical method of craniosynostosis is needed. The goal 
of our system is to assist the doctor to make proper diagnosis to 
their patient based on big datasets with artificial intelligence. The 
output is to make the predicted skull images.  

II. BODY 

 
Fig. 1. Cranial index (%) according to age and sex (3) 

 

A. The procedureⅠ 

The aim of procedureⅠ is to create a standard skull image 
and compares it with the preoperative patient’s image when the 
image is inserted. At first, take the patient image and use 
morphing to match the value of cranial index (2). The cranial 
index(CI) is calculated like biparietal diameter (BPD) / 
occipitofrontal diameter (OFD) x 100. The index determines 
whether the skull is normal or abnormal with the percentages 
multiplied by biparietal and occipitofrontal diameter. Secondly, it 
extracts the standard skull using the value and does colorization 
to the standard image. This colorization to the standard skull 
makes it easy for patients to distinguish the image from the 
original patient's one. Lastly, overlap the original patient’s image 
and the colored image. This show patients that how many 
distractions the doctors will do. Based on these processes, the 
doctors predict the standard skull for the individual patients with 
only preoperative patient’s image. 

B. The procedureⅡ 
The aim of procedureⅡ  is to derive a osteotomy line 

automatically through convolutional neural network. Osteotomy 
line means areas that require operation. Preoperative patient’s 
image and patient’s skull image with osteotomy line drawn by a 
doctor are learned one to one by convolutional neural network. 
And then, when a patient skull image inputs to our system, the 
system could extract the osteotomy line automatically.  

III. CONCLUSION 
As implementing the logics which are explained above, we 

can make the ideal standard skull of each patients based on their 
CT images. On the patient’s side, it is possible for them to check 
their postoperative images when they get the diagnosis of a 
professional. On the doctor’s side, patients can check the 
transition from to standard skull. 
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Optimal Covariance Change Detection in
Gaussian Processes
Jiyeon Han, Kyowoon Lee, and Jaesik Choi

Abstract—Accurate time series analysis enables prediction of future events in various applications. One of the fundamental problems
is to find structural changes in time series data. In this paper, we present new algorithms to find structural changes of smooth time
series data. More specifically, we build new generalized likelihood ratio tests to detect covariance structure of Gaussian Processes. In
experiments with synthetic data and X real-world data, we show that our new tests detect covariance changes.

Index Terms—change point detection, Gaussian process, covariance change, likelihood ratio test, structural break

�

1 INTRODUCTION

THIS In time series data analysis, finding abrupt or
smooth changes is important. When a random process

is stationary, predicting the future change is relatively easy
since the underlying distribution does not change over time.
Unfortunately, the stationarity condition does not hold in
many real-world examples.

A change point is a specific time point where the un-
derlying distribution changes. Previously, there are many
such efforts as structural break, Bayesian online change point
detection, Subspace dissimilarity. Recently, Gaussian Processes
are used to model and find change points to handle lo-
cally smooth time series data [1]. This model assures that
the Gaussian Process is stationary (with global hyperpa-
rameters) which represents time series data except for the
change points. The changes are detected with likelihood
term. However, detection of changes are highly affected by
the Gaussian Process hyperparameters. Thus, change points
are not well verified.

2 OPTIMAL MEAN CHANGE DETECTION IN GAUS-
SIAN PROCESSES [1]

• For a time series X = {Xk}nk=1,
and t ∈ Cn ⊆ {1, ..., n}

• H0 : EX = 0n,H1 :
⋃

t∈Cn
H1,t

for H1,t : ∃ b �= 0, EX = b
2ζt where ζt ∈ Rn is given

by ζt(k) := sign(k − t) for any t ∈ Cn.
•

2L = 2 · ln
(

likelihood for H1

likelihood for H0

)

= max
t∈Cn

∣∣∣∣∣∣
(ζTt (Σn)

−1X)√
ζTt (Σn)−1ζt

∣∣∣∣∣∣

2

.

• Generalized likelihood ratio test (GLRT) is formu-
lated as

TGLRT = I (2L ≥ Rn,δ)

• Conditional detection error probability (CDEP) is
defined as below is bounded by

ϕn(T) = P(T = 1|H0) + max
t∈Cn

P(T = 0|H1,t) ≤ δ

for Rn,δ = 1 + 2
[
log

(
4n
δ

)
+

√
log

(
4n
δ

)]
.

3 OPTIMAL COVARIANCE CHANGE DETECTION IN
GAUSSIAN PROCESSES

•

Σn =

(
A B
C D

)
,Σ

′

n =

(
A 0
0 D

)

•

2L = max
t∈Cn,α

[
XT ((Σn)

−1 − (Σ
′

n)
−1)X + ln

( |Σn|
|Σ′

n|

)]

= max
t∈Cn,α

[
XT

(
A−1BF−1CA−1 −E−1BD−1

−D−1CE−1 D−1CE−1BD−1

)
X

+ ln(|I −BD−1CA−1|)
]
.

• For Rn,δ,H0
=

√
−1/(2n) log δ + ln(|I −

BD−1CA−1|),

P (2L ≥ Rn,δ,H0
) ≤ δ.

• For Rn,δ,H1
= Tr(BF−1CA−1)+Tr(CE−1BD−1)+

ln(|I −BD−1CA−1|)−
√
−1/(2n) log δ,

P (2L ≤ Rn,δ,H1) ≤ δ.

• When Rn,δ,H1 ≤ Rn,δ,H0 , for any Rn,δ satisfying

Rn,δ,H1
≤ Rn,δ ≤ Rn,δ,H0

,

ϕn(T) = P(2L ≥ Rn,δ|H0)+max
t∈Cn

P(2L ≤ Rn,δ|H1,t) ≤ 2δ.

4 CONCLUSION

Covariance change point detection is useful in real world
examples such as stock data analysis. In this paper we have
shown several cases of covariance change and how to detect
those changes in analytical way.
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Parametric Information Bottlenecks to
Optimize Stochastic Neural Networks

Thanh Nguyen, Student, UNIST, and Jaesik Choi, Associate Professor, UNIST,

Abstract—In this paper, we present a layer-wise learning of stochastic neural networks (SNNs) in an information-theoretic perspective.
In each layer of an SNN, the compression and the relevance are defined to quantify the amount of information that the layer contains
about the input space and the target space, respectively. We jointly optimize the compression and the relevance of all parameters in an
SNN to better exploit the neural network’s representation. Previously, the Information Bottleneck (IB) framework ( [1]) extracts relevant
information for a target variable. Here, we propose Parametric Information Bottleneck (PIB) for a neural network by utilizing (only) its
model parameters explicitly to approximate the compression and the relevance. We show that, as compared to the maximum likelihood
estimate (MLE) principle, PIBs : (i) improve the generalization of neural networks in classification tasks, (ii) push the representation of
neural networks closer to the optimal information-theoretical representation in a faster manner.

Index Terms—Deep Neural Networks, Information Bottleneck.

�

1 INTRODUCTION

Deep neural networks (DNNs) have demonstrated competitive
performance in several learning tasks including image recognition
(e.g., [2], [3]), natural language translation (e.g., [4], [5]) and game
playing (e.g., [6]). Specially in supervised learning contexts, a
common practice to achieve good performance is to train DNNs
with the maximum likelihood estimate (MLE) principle along
with various techniques such as data-specific design of network
architecture (e.g., convolutional neural network architecture), reg-
ularizations (e.g., early stopping, weight decay, dropout ( [7]),
and batch normalization ( [8])), and optimizations (e.g., [9]). The
learning principle in DNNs has therefore attributed to the MLE
principle as a standard one for guiding the learning toward a
beneficial direction. The question however is that does the MLE
principle effectively and sufficiently exploit a neural network’s
representative power and is there any better alternative? As an
attempt to address this important question, this work investigates
the learning of DNNs from the information-theoretic perspective.

The Information Bottleneck (IB) framework ( [1]) extracts
relevant information in an input variable X about a target variable
Y . More specifically, the IB framework constructs a bottleneck
variable Z = Z(X) that is an compressed version of X but
preserves as much relevant information in X about Y as possible.
In this information-theoretic perspective, I(Z,X), the mutual
information of Z and X , captures the compression of Z about
X and I(Z, Y ) represents the relevance of Z about Y . The
optimal representation Z is determined via the minimization of
the following Lagrangian:

LIB [p(z|x)] = I(Z,X)− βI(Z, Y ) (1)

where β is the positive Lagrangian multiplier that controls the
trade-off between the complexity of the representation, I(Z,X),
and the amount of relevant information in Z , I(Z, Y ). The exact
solution to the minimization problem above is found ( [1]) with

the implicit self-consistent equations:



p(z|x) =
p(z)

Z(x;β)
exp(−βDKL [p(y|x)‖p(y|z)])

p(z) =
∫
p(z|x)p(x)dx

p(y|z) =
∫
p(y|x)p(x|z)dx

(2)

where Z(x;β) is the normalization function, and DKL[.‖.] is the
Kullback - Leibler (KL) divergence ( [10]). Unfortunately, the self-
consistent equations are highly non-linear and still too abstract to
be used for many practical applications. Furthermore, the general
IB framework assumes that the joint distribution p(X,Y ) is
known and does not specify concrete models.

On the other hand, the goal of the MLE principle is to match
the model distribution pmodel as close to the empirical data
distribution p̂D as possible (e.g., see Appendix I.B). The MLE
principle treats the neural network model p(xxx;θθθ) as a whole
without explicitly considering the contribution of its internal
structures (e.g., hidden layers and hidden neurons). As a result,
a neural network with redundant information in hidden layers
may have a good distribution match in a training set but show
a poor generalization in a test set. In the MLE principle, we
only need empirical samples of the joint distribution to maximize
the likelihood function of the model given the data. The MLE
principle are proved to be mathematically equivalent to the IB
principle for multinomial mixture model for clustering problem
when the input distribution X is uniform or has a large sample
size ( [11]). However in general they are not obviously related.

In this work, we leverage neural networks and the IB principle
by viewing neural networks as a set of encoders that sequentially
modify the original data space. We then propose a new generalized
IB-based objective that takes into account the compression and
relevance of all layers in the network as an explicit goal for guiding
the encodings in a beneficial manner. Since the objective is de-
signed to optimize all parameters of neural networks and is mainly
motivated by the IB principle for deep learning ( [12]), we name
this method as Parametric Information Bottleneck (PIB). Because
the generalized IB objective is intractable, we approximate it using
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variational methods and Monte Carlo estimation. We propose
to re-use the existing neural network architecture as variational
decoders for each hidden layers. The approximate generalized
IB objective in turn presents itself interesting connections with
the MLE principle. In practice, we empirically show that our
PIBs have a better generalization and push the neural network’s
representation closer to the information-theoretical optimal repre-
sentation as compared to the MLE principle.

2 RELATED WORK

Originally, the general IB framework is proposed in [1]. The
framework provides a principled way of extracting the relevant in-
formation in one variable X about another variable Y . The authors
represent the exact solution to the IB problem in highly-nonlinear
self-consistent equations and propose the iterative Blahut Arimoto
algorithm to optimize the objective. However, the algorithm is not
applicable to neural networks. In practice, the IB problem can be
solved efficiently in the following two cases only: (1) X,Y and
Z are all discrete ( [1]); or (2) X,Y and Z are mutually joint
Gaussian ( [13]) where Z is a bottleneck variable.

Recently, the IB principle is applied to DNNs ( [12]). The
work proposes to use mutual information of a hidden layer with
the input layer and the output layer to quantify the performance
of DNNs. By analyzing these measures with the IB principle,
the authors establish an information-theoretic learning principle
for DNNs. In theory, one can optimize the neural network by
pushing up the network and all its hidden layers to the IB optimal
limit in a layer-wise manner. Although the analysis offers a new
perspective about optimality in neural networks, it rather proposes
an general analysis of optimality than a practical optimization
criteria. Furthermore, estimating mutual information between the
variables transformed by network layers and the data variables
poses several computational challenges in practice that the author
did not address in the work. A small change in a multi-layered
neural network could greatly modify the entropy of the input vari-
ables. Thus, it is hard to analytically capture such modifications.

The recent work [14] also uses variational methods to ap-
proximate the mutual information as an attempt to apply the IB
principle to neural networks. Their approach however considers
one single bottleneck and parameterizes the encoder p(zzz|xxx;θθθ) by
an entire neural network. The encoder maps the input variable xxx
to a single bottleneck variable zzz that is not a part of the considered
neural network architecture. Therefore, their approach still learns
a neural network as a whole rather than actually optimizing it in
parts. Furthermore, the work imposes a prior distribution in the
code space. In our work, the distribution of a code space is simply
transformed by an encoder from another space.

Our work, on the other hand, focuses on better exploiting inter-
mediate representations of a neural network architecture using the
IB principle. More specifically, our work proposes an optimization
IB criteria for an existing neural network architecture in an effort
of learning better the layers’ representation to their IB optimality.
In estimating mutual information, we adopt the variational method
as in [14] for I(Z, Y ) but use empirical estimation for I(Z,X).
Furthermore, we exploit the existing network architecture as
variational decoders rather than resort to variational decoders that
are not part of the neural network architecture.

3 PARAMETRIC INFORMATION BOTTLENECK

This section presents an information-theoretic perspective of neu-
ral networks and then defines our PIB framework. This perspective
paves a way for the soundness of constraining the compression-
relevance trade-off into a neural network.

We denote X,Y as the input and the target (label) variables
of the data, respectively; Zl as a stochastic variable represented
by the lth hidden layer of a neural network where 1 ≤ l ≤ L,
L is the number of hidden layers. We extend the notations of Zl

by using the convention Z0 := X and Z−1 := ∅. The space
of X,Y and Zl are denoted as X ,Y and Zl, respectively. Each
respective space is associated with the corresponding probabil-
ity measures pu(xxx), pu(yyy) and p(zzzl) where pu(.) indicates the
underlying probability distribution of the data and p(.) denotes
model distributions. Each Zl is stochastically mapped from the
previous stochastic variable Zl−1 via an encoder p(zzzl|zzzl−1). We
name Zl, 1 ≤ l ≤ L as a (information) bottleneck or code variable
of the network. In this work, we focus on binary bottlenecks where
Zl ∈ {0, 1}nl and ni is the dimensionality of the bottleneck
space.

3.1 Neural Networks as Sequential Quantization

An encoder p(zzz|xxx) introduces a soft partitioning of the space X
into a new space Z whose probability measure is determined
as p(zzz) =

∫
p(zzz|xxx)pu(xxx)dxxx. The encoding can modify the

information content of the original space possibly including its
dimensionality and topological structure. On average, 2H(X|Z)

elements of X are mapped to the same code in Z . Thus, the aver-
age volume of a partitioning of X is 2H(X)/2H(X|Z) = 2I(X,Z).
The mutual information I(Z,X) which measures the amount of
information that Z contains about X can therefore quantify the
quality of the encoding p(zzz|xxx). A smaller mutual information
I(Z,X) implies a more compressed representation Z in terms
of X .

Since the original data space is continuous, it requires infinite
precision to represent it precisely. However, only some set of
underlying explanatory factors in the the data space would be
beneficial for a certain task. Therefore, lossy representation is
often more helpful (and of course more efficient) than a precise
representation. In this aspect, we view the hidden layers of a
multi-layered neural network as a lossy representation of the data
space. The neural network in this perspective consists of a series
of stochastic encoders that sequentially encode the original data
space X into the intermediate code spaces Zl. These code spaces
are lossy representations of the data space as it follows from the
data-processing inequality (DPI) ( [15]) that

H(X) ≥ I(X,Zl) ≥ I(X,Zl+1) (3)

where we assume that Y,X,Zl and Zl+1 form a Markov chain in
that order, i.e.,

Y → X → Xl → Xl+1 (4)

A learning principle should compress irrelevant information and
preserve relevant information in the lossy intermediate code
spaces. In the next subsection, we describe in details how a
sequential series of encoders, compression and relevance are
defined in a neural network.
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Fig. 1: A directed graphical representation of a PIB of two
bottlenecks. The neural network parameters θθθ = (θθθ1, θθθ2, θθθ3). The
dashed blue arrows do not denote variable dependencies but the
relevance decoders for each bottleneck. The relevance decoder
ptrue(yyy|zzzi), which is uniquely determined given the encoder
pθθθ(zzzi|xxx) and the joint distribution pu(xxx,yyy), is intractable. We
use pθθθ(yyy|zzzi) as a variational approximation to each intractable
relevance decoder ptrue(yyy|zzzi).

3.2 PIB Model
Our PIB framework is an extension of the IB framework to
optimize all paramters of neural networks. In neural networks,
intermediate representations represent a hierarchy of information
bottlenecks that sequentially extract relevant information for a
target from the input data space. Existing IB framework for DNNs
specifies a single bottleneck while our PIB preserves hierarchical
representations which a neural network’s expressiveness comes
from. Our PIB also gives neural networks an information-theoretic
interpretation both in network structure and model learning. In
PIBs, we utilize only neural network parameters θθθ for defining
encoders and variational relevance decoders at every level, there-
fore the name Parametric Information Bottleneck. Our PIB is also
a standard step towards better exploiting representational power
of more expressive neural network models such as Convolutional
Neural Networks ( [16]) and ResNet ( [17]).

3.2.1 Stochasticity
In this paper, we focus on binary bottlenecks in which the encoder
p(zzzl|zzzl−1) is defined as

p(zzzl|zzzl−1) =
nl∏
i=1

p(zzzl,i|zzzi−1) (5)

where

p(zzzl,i = 1|zzzl−1) = σ(aaa
(l)
i ) = σ(W

(l)
i: zzzl−1 + bbb

(l)
i ), (6)

σ(.) is the sigmoid function, and W (l) is the weights connecting
the lth layer to the (l + 1)th layer. Depending on the structure
of the target space Y , we can use an appropriate model for

output distributions as follows: (1) For classification, we model
the output distribution with softmax function, p(Y = i|zzzL) =

softmax(W (L+1)
i: zzzL + bbb

(L+1)
i ); (2) For binary output vectors

Y , we use a product of Bernoulli distributions, p(yyy|zzzL) =∏
i p(yyyi|zzzL) where p(Yi = 1|zzzL) = σ(W

(L+1)
i: zzzL + bbb

(L+1)
i );

(3) For real-valued output vectors Y , we use Gaussian distribution,
p(Y |zzzL) = N (yyy;µµµ = W (L+1)zzzL+bbb(L+1),σσσ2). The conditional
distribution p(yyy|xxx) from the model is computed using the Bayes’
rule and the Markov assumption (Equation 4) in PIBs 1:

p(yyy|xxx) =
∫

p(yyy,zzz|xxx)dzzz =

∫
p(yyy|zzz)p(zzz|xxx)dzzz (7)

=

∫ L+1∏
l=1

p(zzzl|zzzl−1)dzzz (8)

where zzz = (zzz1, zzz2, ..., zzzL) is the entire sequence of hidden layers
in the neural network. Note that for a given joint distribution
pu(xxx,yyy) when a bottleneck Zl is defined, so the encoding func-
tion p(zzzl|xxx), the corresponding relevance decoder ptrue(yyy|zzzl) is
uniquely determined by

ptrue(yyy|zzzl) =
∫

pu(xxx,yyy)
p(zzzl|xxx)
p(zzzl)

dxxx (9)

It is also important to note that many stochastic neural net-
works have been proposed (e.g., [18], [19], [20], [21], [22]).
However, our motivation for this stochasticity is that it enables bot-
tleneck sampling given the data variables (X,Y ). The generated
bottleneck samples are then used to estimate mutual information.
Thus, our framework does not depend on a specific stochastic
model. For deterministic neural networks, we only have one
sample of hidden variables given one data point. Thus, estimating
mutual information for hidden variables in this case is as hard as
estimating mutual information for the data variables themselves.

3.2.2 Learning principle
Since the neural network is a lossy representation of the orig-
inal data space, a learning principle should make this loss in
a beneficial manner. Specifically in PIBs, we propose to jointly
compress the network’s intermediate spaces and preserve relevant
information simultaneously at all layers of the network. For the
lth-level bottleneck Zl, the compression is defined as the mutual
information between Zl and the previous-level bottleneck Zl−1

while the relevance is specified as its mutual information with the
target variable Y . We explicitly define the learning objective for
PIB as:

LPIB(Z) := LPIB(θθθ) :=
L∑

l=0

[
β−1
l I(Zl, Zl−1)− I(Zl, Y )

]

(10)

where the layer-specific Lagrangian multiplier β−1
l controls the

tradeoff between relevance and compression in each bottleneck,
and the concept of compression and relevance is taken to the
extreme when l = 0 (with convention that I(Z0, Z−1) =
I(X, ∅) = H(X) = constant).

Optimizing PIBs now becomes the minimization of LPIB(Z)
which attempts to decrease I(Zl, Zl−1) and increase I(Zl, Y )
simultaneously. The decrease of I(Zl, Zl−1) makes the repre-
sentation at the lth-level more compressed while the increase

1. Here we use integral
∫

even for discrete-valued variables instead of sum∑
for denotation simplicity.
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of I(Zl, Y ) promotes the preservation of relevant information
in Zl about Y . In optimization’s aspect, the minimization of
LPIB is much harder than the minimization of LIB since LPIB

involves dependent terms that even the self-consistent equations
of the IB framework are not applicable to this case. Furthermore,
LPIB is intractable since the bottleneck spaces are usually high-
dimensional and the relevance encoders ptrue(yyy|zzzl) (computed by
Equation 9) are intractable. In the following section, we present
our approximation to LPIB which fully utilizes the existing
architecture without resorting to any model that is not part of
the considered neural network. The approximation then leads to
effective gradient-based training of PIBs.

3.3 Approximate learning
Here, we present our approximations to the relevance and the
compression terns in the PIB objective LPIB .

3.3.1 Approximate relevance
Since the relevance decoder ptrue(yyy|zzzl) (Equation 9) is in-
tractable, we use a variational relevance decoder pv(yyy|zzzl) to
approximate it. Firstly, we decompose the mutual information into
a difference of two entropies:

I(Zl, Y ) = H(Y )−H(Y |Zl) (11)

where H(Y ) = constant can be ignored in the minimization of
L(Z), and

H(Y |Zl) = −
∫

ptrue(yyy|zzzl)p(zzzl) log ptrue(yyy|zzzl)dyyydzzzl (12)

= −
∫

pD(xxx,yyy)p(zzzl|xxx) log ptrue(yyy|zzzl)dzzzldxxxdyyy
(13)

≤ −
∫

pD(xxx,yyy)p(zzzl|xxx) log pv(yyy|zzzl)dzzzldxxxdyyy (14)

= −EpD(xxx,yyy)

[
Ep(zzzl|xxx) [log pv(yyy|zzzl)]

]
=: H̃(Y |Zl)

(15)

where the equality in Equation 13 holds due to the Markov
assumption (Equation 4). In PIBs, we propose to use the higher-
level part of the existing network architecture at each layer
to define the variational relevance encoder for that layer, i.e.,
pv(yyy|zzzl) = p(yyy|zzzl) where p(yyy|zzzl) is determined by the network
architecture. In this case, we have:

p(yyy|zzzl) =
∫ L+1∏

i=l

p(zzzi+1|zzzi)dzzzL...dzzzl+1 = Ep(zzzL|zzzl) [p(yyy|zzzL)]

(16)

We will refer to H̃(Y |Zl) as the variational conditional relevance
for the lth-level bottleneck variable Zl for the rest of this work.
In the following, we present two important results which indicate
that the relevance terms in our objective is closely and mutually
related to the concept of the MLE principle.

Proposition 1: The variational conditional relevance for the
zero-level bottleneck Z0 = X is the negative log-likelihood of
the PIB.

Proposition 2: The variational conditional relevance for the
highest-level bottleneck variable ZL equals the variational rele-
vance for the whole compositional bottleneck variable Z which is
an upper bound on the negative log-likelihood. That is,

H̃(Y |ZL) = H̃(Y |Z) ≥ −EpD(xxx,yyy) [log p(yyy|xxx)] (17)

While the Proposition 1 is a direct result of Equation 16, the
Proposition 2 holds due to Jensen’s inequality (its detail derivation
in Appendix I.A).

In PIB’s terms, the MLE principle can be interpreted as in-
creasing the variational relevance of the network as a whole while
the PIB objective takes into account the relevance at every level of
the network. The variational relevance can also be interpreted in
terms of the MLE principle as follows. Maximizing the variational
relevance at level l is the maximum of the log-likelihood of
p(yyy|zzzl). Furthermore, the variational conditional relevance for a
multivariate yyy can be decomposed into the sum of that for each
component of yyy (see Appendix I.C).

3.3.2 Approximate Compression
The compression terms in LPIB involve computing mutual infor-
mation between two consecutive bottlenecks. For simplicity, we
present the derivation of I(Z1, Z0) only 2. For the compression,
we decompose the mutual information as follows:

I(Z1, Z0) = H(Z1)−H(Z1|Z0) (18)

which consists of the entropy and conditional entropy term. The
conditional entropy can be further rewritten as:

H(Z1|Z0) =

∫
p(zzz0)H(Z1|Z0 (19)

= zzz0)dzzz0 =

∫
p(zzz0)

N1∑
i=1

H(Z1,i|Z0 = zzz0)dzzz0

(20)

= Ep(zzz0)

[
N1∑
i=1

H(Z1,i|Z0 = zzz0)

]
(21)

where Z1 = (Z1,i)
N1
i=1 and H(Z1,i|Z0 = zzz0) = −q log q− (1−

q) log(1 − q) where q = p(Z1,i = 1|Z0 = zzz0). For the entropy
term H(Z1), we resort to empirical samples of zzz1 generated by
Monte Carlo sampling to estimate the entropy:

H(Z1) = −Ep(zzz1)[log p(zzz1)] (22)

≈ − 1

M

M∑
k=1

log p(zzz
(k)
1 ) =: ĤMLE(Z1) (23)

where zzz
(k)
1 ∼ p(zzz1) = Ep(zzz0)[p(zzz1|zzz0)]. This estimator is also

known as the maximum likelihood estimator or ‘plug-in’ estimator
( [23]). The larger number of samples M guarantees the better
plug-in entropy by the following bias bound ( [24])

|E[ĤMLE(Z1)]−H(Z1)| ≤ log(1 +
|Z1| − 1

M
) (24)

where |Z1| denotes the cardinality of the space of Z1. In practice,
log p(zzz1) may be numerically unstable for large cardinality |Z1|.
In the large space of Z1, the probability of a single point p(zzz1)
may becomes very small that log p(zzz1) become numerically
unstable. To overcome this problem, we propose an upper bound
on the entropy using Jensen’s inequality:

log p(zzz1) = logEp(zzz0)[p(zzz1|zzz0)] ≥ Ep(zzz0) [log p(zzz1|zzz0)] (25)

Thus,

H(Z1) ≤ −Ep(zzz1)

[
Ep(zzz0) [log p(zzz1|zzz0)]

]
:= H̃(Z1) (26)

2. The extension at the other levels is straightforward from the derivation of
I(Z1, Z0).
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Algorithm 1 Minibatch version of training PIB, we use M = 16
for training (and M = 32 for testing).

1: procedure GRAD-PIB
2: Input: Labeled training dataset SD

3: θθθ ← Initialize parameters
4: repeat:
5: (xxxi, yyyi)

N
i=1 ← Random minibatch of N samples drawn

from SD

6: Generate M samples of zzzi per each sample of zzzi−1 for
1 ≤ i ≤ L

7: Use the generated samples above and Equations 15 and 26
to approximate L̃PIB(θθθ)

8: ggg ← ∂

∂θθθ
L̃PIB(θθθ) using Raiko estimator

9: θθθ ← Update parameters using the approximate gradients
ggg and SGD

10: until convergence of parameters θθθ
11: Output: θθθ
12: end procedure

The upper bound H̃(Z1) is numerically stable because the condi-
tional distribution p(zzz1|zzz0) is factorized into

∏
i p(zzz1,i|zzz0), there-

fore, log p(zzz1|zzz0) =
∑

i log p(zzz1,i|zzz0) which is more stable. The
upper bound H̃(Z1) can then be estimated using Monte Carlo
sampling for zzz0 and zzz1.

3.3.3 Approximate Gradients via Binary Bottlenecks
Discrete-valued variables in PIBs make standard back-propagation
not straightforward. Fortunately, one can estimate the gradient
in this case. [20] used a Generalized EM algorithm while [25]
proposed to resort to reinforcement learning. However, these
estimators have high variance. In this work, we use the gradient
estimator inspired by [21] for binary bottlenecks because it has
low variance despite of being biased. Specifically, a bottleneck
zzz = (z1, z2, ..., znl

) can be rewritten as being continuous by
zi = σ(ai) + εi where

εi =

{
1− σ(ai) with probability σ(ai)

−σ(ai) with probability 1− σ(ai)

The bottleneck component zi defined as above still gets value of
either 0 or 1 but it is decomposed into the sum of a deterministic
term and a noise term. The gradient is then propagated only
through the deterministic term and ignored in the noise term. A
detail of gradient-based training of PIB is presented in Algorithm
1.

4 EXPERIMENTS

We used the same architectures for PIBs and Stochastic Feed-
forward Neural Networks (SFNNs) (e.g., [20]) and trained them
on the MNIST dataset ( [16]) for image classification, odd-
even decision problem and multi-modal learning. Here, a SFNN
simply prefers to feed-forward neural network models following
the MLE principle for learning model parameters. Each hidden
layer in SFNNs is also considered as a stochastic variable. The
aforementioned tasks are to evaluate PIBs, as compared to SFNNs,
in terms of generalization, learning dynamics, and capability of
modeling complicated output structures, respectively. All models
are implemented using Theano framework ( [26]).

4.1 MNIST Classification
In this experiment, we compare PIBs with SFNNs and determinis-
tic neural networks in the classification task. For comparisons, we
trained PIBs and five additional models. The first model (Model A)
is a deterministic neural network. In Model D, we used the weight
trained in Model A to perform stochastic prediction at test time.
Model E is SFNN and Model B is Model C with deterministic
prediction during test phase. Model C uses the weighted trained
in PIB but we report deterministic prediction instead of stochastic
prediction for test performance.

Model Mean (%) Std dev.
deterministic (A) 1.73 -

deterministic SFNN as deterministic (B) 1.88 -
PIB as deterministic (C) 1.46 -
deterministic as stochastic (D) 2.30 0.07

stochastic SFNN (E) 1.94 0.036
PIB 1.47 0.034

TABLE 1: The MNIST classification results of various models.

Fig. 2: A comparison of Monte-Carlo averaging and deterministic
prediction of PIB.

The MNIST dataset ( [27]) contains a standard split of 60000,
and 10000 examples of handwritten digit images for training and
test, respectively in which each image is grayscale of size 28×28
pixels. We used the last 10000 images of the training set as a
holdout set for tuning hyper-parameters. The best configuration
chosen from the holdout set is used to retrain the models from
scratch in the full training set. The result in the test set is then
reported (for stochastic prediction, we report mean and standard
deviation). We scaled the images to [0, 1] and do not perform any
other data augmentation. These base configurations are applied to
all six models we use in this experiment.

The base architecture is a fully-connected, sigmoid activation
neural network with two hidden layers and 512 units per layer.
Weights are initialized using Xavier initialization ( [28]). Models
were optimized with stochastic gradient descent with a constant
learning rate of 0.1 and a batch size of 8. For stochastic sampling,
we generate M = 16 samples per point during training and M =
32 samples per point during testing. For stochastic prediction, we
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run the prediction 10 times and report its mean and deviation
standard. For PIBs, we set βl = β, ∀1 ≤ l ≤ L. We tuned β from
{0} ∪ {10−i : 1 ≤ i ≤ 7}, and found β−1 = 10−4 works best.

Table 1 provides the results in the MNIST classification error
in the test set for PIB and the comparative models (A), (B),
(C), (D), and (E). As can be seen from the table, PIB and
Model C gives nearly the same performance which outperform
deterministic neural networks and SFNNs, and their stochastic
and deterministic version.

It is interesting to empirically see that the deterministic version
of PIB at test time (Model C) gives a slightly better result than PIB.
This also empirically holds for the case of SFNN. To investigate
more in this, we compute the test error for various values of the
number of samples used for Monte-Carlo averaging, M (Figure
2). As we can see from the figure, the Monte-Carlo averaging
of PIB obtains its good approximation around M = 30 and
the deterministic prediction roughly places a lower bound on the
Monte-Carlo averaging at test time. For visualization of learned
filters of PIB, see Appendix II.A.

4.2 Learning dynamics
One way to visualize the learning dynamic of each layer of a
neural network is to plot the layers in the information plane (
[1], [29]). The information plane is an information-theoretic plane
that characterizes any representation Z = Z(X) in terms of
(I(Z, Y ), I(Z,X)) given the joint distribution I(X,Y ). The
plane has I(Z,X) and I(Z, Y ) as its horizontal axis and its
vertical axis, respectively. In the general IB framework, each value
of β specifies a unique point of Z in the information plane.
As β varies from 0 to ∞, Z traces a concave curve, known as
information curve for representation Z , with a slope of β−1. The
information-theoretic goal of learning a representation Z = Z(X)
is therefore to push Z as closer to its corresponding optimal point
in the information curve as possible. For multi-layered neural
networks, each hidden layer Zl is a representation that can also
be quantified in the information plane.

In this experiment, we considered an odd-even decision prob-
lem in the MNIST dataset in which the task is to determine if the
digit in an image is odd or even. We used the same neural network
architecture of 784-10-10-10-1 for PIB and SFNN and trained
them with SGD with constant learning rate of 0.01 in the first
50000 training samples. For PIB, we use β−1

l = β−1 = 10−4.
Since the network architecture is small, we can compute mutual
information Ix := I(Zi, X) and Iy := I(Zi, Y ) precisely and
plot them over training epochs.

As indicated by Figure 3, both PIB and SFNN enable the
network to gradually encode more information into their hidden
layers at the beginning as I(Zi, X) increases. The encoded infor-
mation at the beginning also contains some relevant information
for the target variable as I(Zi, Y ) increases as well. However,
information encoding in the PIB is more selective as it quickly
encodes more relevant information (it reaches higher I(Z, Y ) but
in lesser number of epochs) while keeps the layers concise at
higher epochs. The SFNN, on the other hand, encodes information
in a way that matches the model distribution to the empirical data
distribution. As a result, it may encode irrelevant information that
hurts the generalization.

4.3 Multi-modal learning
As PIB and SFNN are stochastic neural networks, they can
model structured output space in which a one-to-many mapping is

Fig. 3: The learning dynamic of PIB (left) and SFNN (right)
in a decision problem are presented in the information plane.
Each point represents a hidden layer while the color indicate
epochs. Because of the Markov assumption (Equation 4), we have
H(X) ≥ I(Zi, X) ≥ I(Zi+1, X) and I(X,Y ) ≥ I(Zl, Y ) ≥
I(Zl+1, Y ).

required. A binary stochastic variable zzzl of dimensionality nl can
take on 2nl different states each of which would give a different
yyy. This is the reason why the conditional distribution p(yyy|xxx) in
stochastic neural networks is multi-modal.

In this experiment, we followed [21] and predicted the lower
half of the MNIST digits using the upper half as inputs. We used
the same neural network architecture of 392-512-512-392 for PIB
and SFNN and trained them with SGD with constant learning rate
of 0.01. We trained the models in the full training set of 60000
images and tested in the test set. For PIB, we also used β−1

l =
β−1 = 10−4. The visualization in Figure 4 indicates that PIB
models the structured output space better and faster (using lesser
number of epochs) than SFNN. The samples generated by PIB is
totally recognizable while the samples generated by SFNN shows
some discontinuity (e.g., digit 2, 4, 5, 7) and confusion (e.g., digit
3 confuses with number 8, digit 5 is unrecognizable or confuses
with number 6, digit 8 and 9 are unrecognizable).
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Fig. 4: Samples drawn from the prediction of the lower half of the
MNIST test data digits based on the upper half for PIB (upper,
after 300 epochs) and SFNN (lower, after 1000 epochs). The
leftmost column is the original MNIST test digit followed by
the masked out digits and nine samples. The rightmost column
is obtained by averaging over all generated samples of bottlenecks
drawn from the prediction. The figures illustrate the capability of
modeling structured output space using PIB and SFNN.

5 CONCLUSION

In this paper we introduced an information-theoretic learning
framework to better exploit a neural network’s representation. We
have also proposed an approximation that fully utilizes all param-
eters in a neural network and does not resort to any extra models.
Our learning framework offers a principled way of interpreting
and learning all layers of neural networks and encourages a more
informative yet compressed representation, which is supported by
qualitative empirical results. One limitation is that we consider
here fully-connected feed-forward architecture with binary hidden
layers. Since we used generated samples to estimate mutual
information, we can potentially extend the learning framework

to larger and more complicated neural network architectures. This
work is our first step toward exploiting expressive power of large
neural networks using information-theoretic perspective that is not
yet fully utilized.
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V. Michalski, M. Mirza, A. Orlandi, C. Pal, R. Pascanu, M. Pezeshki,
C. Raffel, D. Renshaw, M. Rocklin, A. Romero, M. Roth, P. Sadowski,
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APPENDIX I
A. Proof of the Prepositions
Proof of the Preposition 2: It follows from the Markov chain
assumption (4) that p(yyy|zzz) = p(yyy|zzzL, zzzL−1, ..., zzz1) = p(yyy|zzzL)
and from Jensen’s inequality that
∫

p(zzz|xxx) log p(yyy|zzz)dzzz ≤ log

(∫
p(zzz|xxx)p(yyy|zzz)dzzz

)
= log p(yyy|xxx)

Hence, the variational compositional relevance H̃(Y |Z) equals
the variational relevance for the last bottleneck and is an upper
bound on the negative log-likelihood as well (Q.E.D).

B. MLE as distribution matching
The purpose of the MLE principle can be interpreted as matching
the model distribution to the empirical data distribution using the
KL divergence as a measure of their discrepancy. Rigorously,
given a set of samples X = {xxx1,xxx2, ...,xxxN} i.i.d. drawn from
some underlying data distribution pD(xxx), a parametric model
pmodel(xxx;θθθ) attempts to map any data sample xxx to a real
number that estimates the true probability pD(xxx). The MLE
principle maximizes the likelihood function under the empirical
data distribution. This in turn can be interpreted as matching
the model distribution pmodel with the data distribution pD by
minimizing their KL divergence to find the maximum likelihood
(point) estimator for θθθ:

θθθML = argmax
θθθ

Exxx∼pD(xxx) [log pmodel(xxx;θθθ)] (27)

= argmin
θθθ

[−Exxx∼pD(xxx) [log pmodel(xxx;θθθ)] (28)

+ Exxx∼pD(xxx) [log pD(xxx;θθθ)]] (29)

= argmin
θθθ

DKL [pD(xxx)‖pmodel(xxx;θθθ)] (30)

≈ argmax
θθθ

N∑
i=1

log pmodel(xxxi;θθθ) (31)

where expression (31) is an empirical estimation of expression
(27) for N datapoints.

C. Variational relevance for multivariate target variable
The variational conditional relevance at level l (defined by (15),
(16)) for a multivariate variable yyy can be decomposed into the
variational conditional relevances for each of its components.
Indeed, without loss of generality, we assume bivariate target
variable yyy = (y1, y2). It follows from the fact that the neurons
within a layer are independent given some previous layer that we
have

H̃(Y |Zl) = −EpD(xxx,y1,y2)

[
Ep(zzzl|xxx) [log p(y1, y2|zzzl)]

]
(32)

= −EpD(xxx)pD(y1,y2|xxx)
[
Ep(zzzl|xxx) [log p(y1|zzzl) + log p(y2|zzzl)]

]
(33)

=
∑
i

−EpD(xxx)pD(yi|xxx)
[
Ep(zzzl|xxx) [log p(yi|zzzl)]

]
(34)

=
∑
i

H̃(Yi|Zl) (35)
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Automatic Decomposition of Self-Triggering
Kernels of Hawkes Processes

Rafael Lima and Jaesik Choi, UNIST

Abstract—Hawkes Processes capture self-excitation and mutual-excitation between events when the arrival of one event makes future
ones more likely to happen in time-series data. Identification of the temporal covariance kernel can reveal the underlying structure to
better predict future events. In this paper, we present a new framework to represent time-series events with a composition of multiple
self-triggering kernels. Our automatic decomposition procedure is composed of two main steps: (1) a direct parameter optimization and
scale-independent discretized kernel estimation through frequency domain inversion equation associated with the covariance density, and
(2) greedy kernel decomposition. We present closed form solutions for combinations (addition and multiplication) of four basic kernels.
These are the first multiplicative kernel compositions along with stationarity conditions for Hawkes Processes. We demonstrate that the
new automatic kernel decomposition procedure performs better to predict future events than the existing framework in real-world data.

Index Terms—Point Processes, Time Series, Machine Learning.

�

1 INTRODUCTION

POINT Processes [3] have been used for modeling events
in time series data. Hawkes Processes (HPs) [8] are point

processes for modeling self-exciting behavior, i.e., when the arrival
of one event makes future events more likely to happen. This
type of behavior has been observed in various domains, such as
earthquakes, financial markets, web traffic patterns, crime rates
[11], [13] and social media [18].

As an example, in high-frequency finance, buyers and sellers
of stocks demonstrate herding behavior [2], [6]. After the main
earthquake, several aftershocks follow according to a time-clustered
pattern [14]. In web data, hyperlink proliferation across pages
exhibit self- and mutual-excitation [7]. In criminology, gang-related
retaliatory crime patterns are grouped in time [11]. In social media,
the ‘infectiousness’ of posts can be shown to be modeled through
a self- and mutual-excitement assumption [18].

In HPs analysis, some parametric kernels capture intra-domain
typical behaviors, e.g., quick time-decaying exponential excitation
in the case of finance and web data [1], [7]; slower power-law
decay in earthquake-related data [14]; and periodicity-inducing
sinusoidal kernel in TV-watching data [17].

When an appropriate kernel is selected, the kernel parameters
are fitted to predict future events. The parameters may be fitted
to the data through the gradient descent (GD) method over a
likelihood function penalized by a regularization criterion (e.g.,
Akaike Information Criterion) on the number of parameters [15].
Another method of kernel estimation is through the use of the power
spectrum of the second order statistics of the process: covariance
density and normalized covariance [8]. These are well defined
when the self-triggering function induces what is called stationary
behaviour.

However, kernel selection in HPs analysis is a challenging
problem. In practice, an appropriate kernel is manually selected. In

• R. Lima and J. Choi are with the Department of Computer Science and
Engineering, Ulsan National Institute of Science and Technology.
E-mail: {rafael,jaesik}@unist.ac.kr
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further aftershocks
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of 
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Fig. 1: Several phenomena, such as Earthquakes, exhibit temporal
dependencies which can be modeled by Hawkes Processes. The
diagram is modified from ‘quakecatcher.net’

this paper, we present an automatic kernel selection and learning
algorithm for HPs. Given four types of base kernels (EXP, PWL,
SQR and SNS), our algorithm finds the best fitting one. Considering
composition of base kernels, we develop a new method which
represents the composition (sum and product) of base kernels. For
verifying the stationarity property of each composite kernel, we also
derived analytical expressions for the stationarity conditions. To
our best knowledge, this is the first multi-type kernel composition
framework for HPs.

The main steps of the automatic framework, which will be
thoroughly explained in the following sections, are then: discretized
kernel estimation and greedy search in kernel composition space.

Automatic analysis frameworks for Gaussian Processes (GPs)
are proposed in [4] and [9]. However, due the fundamental
distinctions between GPs and HPs (such as stationarity conditions
and causality assumptions for the latter), the techniques proposed
for GPs can not be extended to HPs in a straightforward manner.

2 HAWKES PROCESSES

A point process with a sequence of n time-events is expressed by
a vector of the form (t1,t2, ... , tn). Treating the real line as a
time axis, the vector can be intuitively associated with a counting
process N(t), s.t.:

• dN(t) = 1, if there is an event at time t;
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Fig. 2: An example of a counting process N(t).

• dN(t) = 0, otherwise.

An example of counting process is shown in Figure 2.
A point process can be described through its intensity function

(λ(t)), which can be understood as the instantaneous expected rate
of arrival of events, or the expectation of derivative of the counting
process N(t):

λ(t) = lim
h→0

E[N(t+ h)−N(t)]

h
(1)

This intensity function, if existing, uniquely characterizes the
finite-dimensional distributions of the point process [3]. A simple
example of this function would be the constant mean rate of arrival,
µ, in the case of a homogeneous Poisson process.

HPs model the intensity function in terms of self-excitation:
when the arrival of an event makes subsequent arrivals more
likely to happen [10]; and can be described through the following
conditional intensity function λ(t):

lim
h→0

E(N(t+ h)−N(t)|H(t))

h
= µ+

∫ t

−∞
φ(t− u)dN(u),

where:

• H(t) is the history of the process, the set containing all the
events up to time t;

• µ is called background rate, or exogenous intensity, which
is fixed as the mean of a homogeneous Poisson process;

• φ(t) is denominated self-triggering kernel, or excitation
function;

From this function, one may notice that the intensity at time t
will likely be affected by events which happened before the time t,
described by the history of the process. From [8], we have that, if :

||φ|| =
∫ ∞

0
φ(t)dt ≤ 1, (2)

then the corresponding process will reach wide-sense stationary
behavior, from which the asymptotic steady arrival rate:

Λ =
µ

(1− ||φ||)
, (3)

can be obtained, along with its covariance function, which is
independent of t:

ν(τ) = E(dN(t)dN(t+ τ)). (4)

Estimating Λ and ν(τ), also referred to as first- and second-
order statistics, respectively, requires wide-sense stationarity as-
sumptions which, besides being analytically convenient, are also
connected to the fact that, in real data, the chain of self-excitedly
induced further events will always be of finite type, or without
‘blowing up’, what corroborates the practicality of the estimated
model.

Fig. 3: An example of an intensity function of a self-triggering Point
Process λ(t).

2.1 Self-Exciting Kernels

From the definition of the conditional intensity function, the self-
excitation of the process is expressed through the kernel function
φ(t). For the kernel decomposition, four base kernels will be used
for identifying and estimating typical triggering behaviors as shown
in Table 1:

• EXP(α,β): The decay exponential kernel is parameterized
by the amplitude α and decay rate β, and is useful for
modeling quick influence decay, such as in finance or web
data [7], in which initial transactions/hyperlinks have a lot
of impact initially but gradually reduce their influence over
time;

• PWL(K,c,p): The power law kernel is parameterized by
the amplitude K, the exponent p, and the constant c, and
has been prevalent in earthquake [14] and social media-
related data [18], modeling a slower decaying trend than
the exponential;

• SQR(B,L): The pulse kernel is described by the amplitude
B and the length L. Being a trivial, steady, self-exciting
dynamics on its own, it may also work as an offset level
for the combined triggering with other kernel types, in the
case of addition, and as a horizon truncation, in the case of
multiplication1;

• SNS(A,ω): A truncated sinusoidal, parameterized by the
amplitude A and the angular velocity ω. This type of kernel
base function captures well the self-excitement of periodic
events, such as TV watching-related data (IPTV) [17],
in which watching one episode of a TV program makes
the viewer more likely to watch further ones. Since these
shows are usually broadcasted weekly, the TV-watching
behavior will likely demonstrate the weekly self-excitement.
In addition, according to [11], homicide rates show a
pronounced seasonal effect, peaking in the summer and
tapering in the winter.

α

A

L

B

K
cp

EXP

SNS

PWL

SQR

Fig. 4: Four base kernel types.

1. u(t) is the step function
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Type Equation
Exponential (EXP(α,β)) αe−βt

Power-Law (PWL(K,c,p)) K
(c+t)p

, (p > 1)

Pulse (SQR(B,L)) B(u(t)− u(t− L))

Sinusoidal (SNS(A,ω)) Asin(ωt), t ∈
[
0, π

ω

]

TABLE 1: Four base kernels.

3 AUTOMATIC KERNEL DECOMPOSITION FOR
HPS

This section presents two steps for the automatic kernel identifi-
cation. The steps are (1) nonparametric kernel estimation from
discretized covariance and (2) parametric kernel search through
our new kernel decomposition scheme.

Here, the discretized kernel estimation is optional when a
direct optimization of kernel structure is possible. Unfortunately,
discontinuous functions (SQR, SNS) do not allow such optimization
(e.g., Gradient Descent, Simplex). In this paper, we use the
discretized kernel estimation as an unified method for both
continuous (EXP, PWL), discontinuous kernels (SQR, SNS) and,
most importantly, their combinations.

Furthermore, another great advantage of this step, compared
with traditional sequential methods, is the fact that the value of
ν for each value of τ can be calculated independently, while, in
Gradient Descent, the value of the parameters at step t must be
obtained before the values for step t + 1. When combined with
parallelization of the loops in our algorithm, this step significantly
improved the speed of obtainment of the most likely parametric
representations of the sample processes.

3.1 Discretized Kernel Estimation
This step is fully described in [1], and basically consists of building
an estimator of φ(t) from empirical measurements of ν(τ), the
stationary covariance.

Given a finite sequence of ordered time-events in [0, T ], we fix
a window size of h, and estimate ν(τ) as:

ν(h)τ =
1

h
E

(
(

∫ h

0
dNs − Λh)(

∫ τ+h

τ
dNs − Λh)

)
(5)

In practice, this estimation is done in discrete time steps δ, up
to a maximum value of τ . 2:

ν
(h)
τ,δ=

1

T

�T/δ�∑
i=1

(dN
(h)
iδ −dN

(h)
(i−1)δ)(dN

(h)
iδ+τ−dN

(h)
(i−1)δ+τ ), (6)

where dN
(h)
iδ is the total number of events happening between

t = iδ and t = iδ + h.
From [1], we have that, given g

(h)
t = (1 − |h|

t )+, i.e., a
triangular kernel density estimator with bandwidth h, we have the
following relation in Laplace domain:

ˆ
ν
(h)
z = ĝz

(h)(1 + ψ̂�
z)Λ(1 + ψ̂�

z)
†, (7)

where3:

ψ̂z =
+∞∑
n=1

φ̂n
z =

φ̂z

(1− φ̂z)
.

2. In our case, we used a carefully designed heuristics explained in the section
Experimental Results.

3. Given a function ft, f̂z is its Laplace Transform, and the “�” symbol
corresponds to its conjugate.

(a) (b) (c)

Fig. 5: Discretized covariance estimate from a sequence generated
with (a) EXP , (b) SQR, and (c) SNS kernels.

Fig. 6: Our kernel decomposition algorithm for exploiting and
analyzing distinct behaviours in Hawkes Processes.

Working with the Fourier transform restriction, i.e., (z = iω, with
ω ∈ R) and given that

ĝ
(h)
iω =

4

ω2h
sin2(

ωh

2
), (8)

we get to

(1 + ψ̂�
z)Λ(1 + ψ̂�

z)
† =

ˆ
ν
(h)
z

ĝz
(h)

, (9)

where we fix h = δ, so we do not bother with cancellations of
ĝ
(h)
z . Then, from:

|1 + ψ̂iω|2 =
ν̂
(h)
z

Λĝz
(h)

, (10)

we get to the discretized estimation of φt by taking the inverse
Fourier transform of:

φ̂iω = 1− e− log |1+ψ̂iω|+iH(log |1+ψ̂iω|), (11)

in which the operator H(·) refers to the Hilbert transform.

3.2 Greedy Kernel Decomposition

For expressing the discretized estimation in terms of the four base
kernels, the following steps are executed:
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EXP(α,β)
α

β
PWL(K,c,p)

Kc1−p

p− 1
, (p > 1) SQR(B,L) BL SNS(A,ω)

2A

ω

TABLE 2: Stationarity conditions of the four base kernels.

1) Calculate residues (L1-error) w.r.t the four basic kernels
{EXP, PWL, SQR, SNS};

2) Check whether the estimated parameters of the kernels
satisfy the stationarity condition, by using the closed-form
expressions from table 2;

3) Among those estimated kernels which satisfy the said
condition, select the kernel with the minimum residue
MR1 (denominated K1);

4) Calculate residues w.r.t. a total of 8 kernel expansions,
resulting from 2 operations (addition and multiplication)
per base kernel {+EXP, ×EXP, +PWL, ×PWL, +SQR,
×SQR, +SNS, ×SNS}, while fixing the optimized pa-
rameters for K1, in the case of Additive Combination,
and recalculating all the parameters, in the case of
Multiplicative Combination;

5) Among those estimated combinations which satisfy the
spectral radius condition (calculated in closed-form from
Table 3), select the kernel with minimum residue MR2,
denominated K2;

6) If MR1 < MR2/η (η would act as a regularization
parameter), pick K1 . Else, pick K2.

7) If likelihood (llh) of direct optimization (GD, Simplex) is
greater than likelihood of kernel decomposition, output
GD model. Else, output the decomposition model.

Regarding the computational efficiency of the decomposition algo-
rithm, two strategies yielded results at a much lower computational
cost, without altering the results of the decomposition:

• Selecting the best kernel through the error, instead of
likelihood;

• Greedy search of K2 based on the selected K1, instead of
doing a brute-force search over all the 4× 8 = 32 possible
combinations for K2.

Figure 6 explains the algorithm up to the depth two, for illustration
purposes. Our kernel decomposition scheme can be expanded into
multiple depths, as explained in Section 4. The pseudocode of our
algorithm is presented in Algorithm 1.

3.3 Stationarity Conditions

Verifying the stationarity condition is one of the most important
steps in the kernel search. When we end up with a non-stationary
kernel, estimating future events can not be accurate.

To solve this issue, we developed closed-form expressions,
either in the form of equality or as an upper bound, which are
shown in Table 2, for the case of a single kernel, and Table 3, for
multiplicative combinations of two kernels 4. The conditions for
additive combinations can be derived from the conditions for single
kernels in a straightforward manner.

The kernel is said to induce stationarity if the result of the
expression calculated using the estimated parameters belongs to
the interval [0,1). This can be justified both from the point-of-
view of HP as a branching process, also called immigrant-birth

4. Γ(·, ·) is the well-known incomplete Gamma function: Γ(a, y) =∫∞
y ta−1e−tdt

Algorithm 1 Automatic Decomposition of HP Kernels

1: input = kest
2: fit1 = fit(kest; ∅, {EXP, PWL, SQR, SNS})
3: K1 = index_of_kernel(min_residue(fit1))
4: MR1 = min_residue(fit1)
5: fit2 = fit(kest;K1, {+EXP, * EXP, +PWL, *PWL,

+SQR, *SQR, +SNS, *SNS})
6: MR2 = min_residue(fit2)
7: K2 = index(min_residue(fit2))
8: output = None
9: if ||φK1

|| < 1 then
10: output = K1

11: if ||φK2
|| < 1 then

12: if output �= None then
13: if MR1 ≥ 1

ηMR2 then
14: output = K2

15: else
16: output = K2

17: if llh(output) < llh(GD) then
18: output = GD

representation [12], and of the boundedness of the spectral radius
(largest absolute value among the eigenvalues) of the excitation
matrix. 5

4 ANALYSIS OF HIGHER-ORDER KERNEL DECOM-
POSITION

A sequential additive decomposition of the discretized estimation
vector is rather straightforward, since one may just set the residual
vector from the previous stages as the input of the next ones.

In the case of multiplicative decomposition, it is nontrivial
to find the result of intraclass decomposition. To the best of our
knowledge, no analysis on multiplicative HP kernel decomposition
is reported yet.

In this paper, we provide a new upper bound over an interclass
kernel product of unknown degree, as in:

[EXP]k1 × [PWL]k2 × [SQR]k3 × [SNS]k4

for ki ∈ Z∗, where the operator “[·]k” corresponds to the set of
functions which can be decomposed into a k-th order product of
kernels, e.g:

[EXP ]
k
= α1e

−β1x ∗ α2e
−β2x ∗ ... ∗ αke

−βkx

︸ ︷︷ ︸
k terms

.

By deriving the four possible intraclass kernel products, one may
observe that the typical self-exciting behavior features of each
kernel type are preserved, as in the following:

• [EXP]k1 reduces to the case of a single exponential with
α =

∏k1

i=1 αi and β =
∑k1

i=1 βi, thus still accounting for
its ‘quick-decay’ behavior: [EXP]k1 ⊂ [EXP]

5. For the univariate HP case, the excitation matrix has dimension one, being
only the excitation function, φ(t).
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Base Kernel Base Kernel Condition
EXP(α,β) EXP(α,β) α1α2/(β1 + β2) (closed under multiplication)
EXP(α,β) PWL(K,c,p) αKβp−1eβcΓ(1− p, βc)
EXP(α,β) SQR(B,L)

(
αB(1− e−βL)

)
/β

EXP(α,β) SNS(A,ω)
(
Aαω(1 + e

−βπ
ω )

)
/(ω2 + β2)

PWL(K1, c1, p1) PWL(K2, c2, p2) ≤ (K1K2) /
(
(p1 + p2 − 1)min(c1, c2)(p1+p2−1)

)
(upper bound)

PWL(K,c,p) SQR(B,L)
(
KB(c−(p−1) − (c+ L)−(p−1))

)
/(p− 1)

PWL(K,c,p) SNS(A,ω) ≤ KA
(
(c+ π

ω
)1−p − c1−p

)
/(1− p) (upper bound)

SQR(B,L) SQR(B,L) BL
SQR(B,L) SNS(A,ω) 2AB/ω
SNS(A,ω) SNS(A,ω) πA/(2ω)

TABLE 3: Stationarity Condition for Multiplicative Combination of the four Base Kernels.

• [PWL]k2 is lower bounded by a single PWL kernel with
K =

∏k2

i=1 Ki, c = max(c1, ..., ck2) and p =
∑k2

i=1 pi,
thus still accounting for its ‘slow-decay’ behavior

• [SQR]k3 reduces to a single SQR kernel with B =∏k4

i=1 Bi and L = min(L1, ..., Lk4
), thus still accounting

for its ‘steady-triggering’ behavior: [SQR]k3 ⊂ [SQR]
• [SNS]k4 has A =

∏k4

i=1 Ai and a ‘spikier’ aspect (higher
bandwidth), thus still accounting for its ‘periodicity-
inducing’ behavior

Thus, on deepening the decomposition algorithm by overly increas-
ing the number of levels above 2, we may be, in fact, adding little
information on the qualitative aspect of the self-exciting behavior
analysis of the data while making it more prone to overfitting to
the noisiness of the discretized estimation vectors.

4.1 Upper Bound

Furthermore, regarding the boundedness of the higher-order de-
compositions, from the exact results for EXP and SQR intraclass
decompositions and the upper bounds for the PWL and SNS ones,
we have that:

[EXP]k1 × [PWL]k2 × [SQR]k3 × [SNS]k4

≤ αe−βx K

(x+ cupper)p
BAsin(ωx) ≤ αBKAe−βx

(x+ cupper)p

= EXP(α, β)×PWL(K, cupper, p)
k2×SQR(B,L)×A,

for 0 ≤ x ≤ min(L,
π

ω
), and 0 otherwise.

5 EXPERIMENTAL RESULTS

To demonstrate the benefits of the kernel decomposition framework,
we conducted experiments with synthetic, financial and earthquake
data.

For real-world data sets, no prior information about the kernel
(type and parameters) is available. Thus, we use the log-likelihood
of the kernel function over the time sequence as a quality criterion.

Given a realization (t1, t2, ..., tk) of some regular point process
on [0,T], its log-likelihood (l) is expressed as: l(t1, ..., tk) =∑k

i=1 log(λ(ti))−
∫ T
0 λ(u)du.

5.1 Synthetic Data and Scale-Independence Criterion

To verify the correctness of our kernel composition framework, we
perform experiments with synthetic data, in which we can control
the HP kernels. We generate 10 sequences for each kernel with the

Predicted

E
X

P

PW
L

SQ
R

SN
S

A
ct

ua
l EXP 7 3 0 0

PWL 4 6 0 0
SQR 0 3 7 0
SNS 0 0 0 10

Predicted

E
X

P

PW
L

SQ
R

SN
S

A
ct

ua
l EXP 8 2 0 0

PWL 2 8 0 0
SQR 0 1 9 0
SNS 0 0 0 10

TABLE 4: Confusion matrices among the four basic kernel types for
original horizon length (left) and histogram-based horizon length
(right). The misclassification was reduced with the histogram-based
criterion.

‘Thinning algorithm’ [16], in the time range of 0 to 100,000. For
each kernel type, influence horizon is set to 3.36.

When the kernel composition framework is used with the
original horizon length (i.e., 3.3), the kernel search was not accurate,
as shown in Table 4 (left). In the analysis, we find out that the
maximum value of parameter τ , for discretized estimation, affects
the accuracy of kernel search.

For an automatic time series analysis, scale-independence is
indispensable, as time sequences of disjoint datasets may occur
in time scales differing by several orders of magnitude. As an
example, earthquake events’ occurrences in a sequence are spaced
by intervals of monthly and yearly scales. Thus, setting a horizon
of a few months as the maximum value of τ in Equation (6) might
result in a satisfactory discrete estimation grid. However, using
the same time length for estimating the triggering behavior of a
finance-related sequence would require an impractically large grid
resolution.

A histogram of all the time intervals between events in a
sequence may be readily generated, and is an indicator of the
overall magnitude of the spacing among the events. Thus, as a rule
of thumb, the horizon length for τ may be set as the smaller time
interval strictly larger than a percentage of the sequence’s intervals.
The values of 50 % and 95 % were used. In practice, this value of
horizon length is obtained with the help of a histogram composed
by 100 bins.

The confusion matrices, shown in Table 4, indicate that the
histogram criteria reduced the misclassification of kernel types, and
also allowed for a good resolution of kernels in highly different
scales, see Figure 7.

5.2 Financial Data
In the finance domain, HPs have become more prevalent, due to its
structure being naturally adapted to model systems in which the
discrete nature of the jumps in Nt is relevant, making the model
remarkably suited to modeling high-frequency data [5].

6. By influence horizon, we mean that the excitation effect of each kernel is
considered null for t > 3.3.
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(a) (b)

Fig. 7: Good resolution of kernels in (a) Stocks and (b) Earthquake
data was achieved by histogram-based criteria, despite the very
different time scales among these two kinds of data (103 and 109,
respectively).

Dataset K1 K2
Technology -2097.0 -1894.6
Healthcare -2677.7 -2446.2
Industrial -2309.7 -2127.9
Services -2368.9 -2218.7
Utilities -2427.9 -2266.3

TABLE 5: Average log-likelihood, over each of the five datasets,
for the two levels of decomposition.

Here, we picked the 19 top-varying companies of the Tech-
nology, Healthcare, Industrial, Services and Utilities categories of
Yahoo Finance. We extracted tick data from every two minutes of
30 business days (04/07/2017 to 05/18/2017). Whenever a stock
price changed by some magnitude higher than some threshold, an
event was logged in the corresponding time sequence. Ten different
percentual thresholds, increasing at equally spaced intervals from
0.03% to 0.3%, were applied. This procedure resulted in a number
of valid sequences, for each category, indicated in Table 6, since
the remaining ones did not contain enough points for the splitting
between training and validation subsequences.

As in extrapolation tasks, the 80% of the first elements for each
sequence were then used as training data, and the remaining 20%
were used for validation, i.e., we estimated the parameters of the
kernel using the first 24 days and then calculated the log-likelihood
on the last 6 days of each sequence. When comparing the log-
likelihoods of first and second level decompositions, we observed
that the second level, with composite kernels, resulted in a higher
log-likelihood in the majority of sequences from each category, as
indicated in Table 6, what corroborates that a more flexible model
of the kernel provides a more accurate description of the underlying
dynamics of the process. The average log-likelihood for each level
is shown in Table 5. The comparison for each sequence is shown
in Figure 8.

When comparing the performance of the best estimation among
the two levels and the usual exponential HP model used in financial
analysis, fitted through the gradient-based method from [15], it
is possible to see that the kernel composition exhibited a much
more robust performance. Although the exponential HP performed
well in some sequences, it tended to get stuck in local maxima
with very poor performance, usually leading to unstable or negative
combinations of parameters, for which the likelihood is null. The
kernel composition performs better in the majority of sequences,
as shown in Table 6. The comparison for each individual sequence
is shown in the Appendix.

Dataset Valid Sequences l(K1,K2) > l(Exp.Hawkes) l(K2) > l(K1)
Technology 70 67.14% 98.57%
Healthcare 117 62.39% 92.31%
Industrial 53 64.15% 94.34%
Services 61 54.09% 85.25%
Utilities 48 77.08% 93.75%

TABLE 6: Aggregate comparison, among the gradient descent
based HP model and the first- and second-level decompositions of
the proposed algorithm, for each of the five datasets.

Fig. 8: Comparison among log-likelihood of first (green) and
second level (blue) of kernel decomposition algorithm, for each
valid sequence.

Fig. 9: Q-Q Plots, in logarithmic form, from kernel decomposition
estimation over the Earthquake Dataset sequences.
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5.3 Earthquake Data
The data considered for the earthquake experiment was a set of
100 time sequences extracted from the USGS NCSN Catalog
(NCEDC database), from the day of 01/01/1966 to 01/01/2015.
The latitude range was [30,55], and the longitude range was [-140,-
110]. Different length intervals and resulting areas were considered.
Whenever the magnitude of an event exceeded some threshold,
its time coordinate was added to the corresponding input time
sequence. The magnitude thresholds were varied among 2.5, 3.0,
3.5 and 4.0; and the grid resolution was set to 20 and 100 points.

Seeking scale-independent search, we use the aforementioned
histogram heuristics: earthquakes events are separated by time
intervals of monthly or yearly scales. Thus, the estimation horizon
for financial data, for example, lasting usually only a few seconds,
would hardly capture the overall aspect of the triggering behavior
in this case.

The results indicate a strong agreement with the long stand-
ing assumption of a power-law shaped kernel for the intensity
of aftershocks’ occurrences (‘Omori’s Law’ (1894)). For 20-
point grid resolution, the relative frequency of each kernel was
(EXP, PWL, SQR, SNS) = (0, 97, 2, 1). For the 100-point grid
resolution, the relative frequency was (0, 99, 1, 0). Q-Q plots from
the estimated models are shown in Figure 9, in which comparisons
to the original sequence are made among sequences generated
by our kernel composition, the discretized estimate and the usual
Power-Law kernel model, fitted through the gradient descent based
method (GD) [14]. Both our method and the discretized estimate
perform very close to the original sequence, while the GD method
tended to get stuck in local optima with poor performance.

6 CONCLUSION

Hawkes processes are point processes which capture self-exciting
discrete events in time series data. To predict future events with
HPs, an appropriate kernel is selected by hands, previously. In
this paper, we proposed a new temporal covariance-based kernel
decomposition method to represent various self-exciting behaviors.
We also presented a model (structure/parameter) learning algorithm
to select the best HP kernel given the temporal discrete events. The
stationarity conditions are derived to guarantee the validity of the
kernel learning algorithm. In experiments, we demonstrated that
the proposed algorithm performs better than existing methods to
predict future events by automatically selecting kernels.
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Abstract—We propose an embodied cognitive system incor-
porating a feedback loop between the internal value system,
which drives the intrinsic motivation to explore the environ-
ment, and the emotional state of an agent. This allows the
agent to learn in an open-ended environment autonomously
and continuously (refer Figure 1). The agent is very curious to
explore the environment like an infant. The embodied agent
is not a passive observer of the environment but constructs a
perception of the environment through active interaction [1].
The innate sense of curiosity and natural desire to explore the
environment lead to learning and acquisition of knowledge [2].
The motivation that drives this learning is innate and without
any obvious external rewards. In biological agents, the intrinsic
motivation to explore is to satisfy basic psychological needs for
competence, autonomy, and relatedness [3]. The two basic types
of curiosity are cognitive (information seeking) and sensory
(experience seeking). Cognitive (or intellectual) curiosity is
the desire for new information, while sensory (or perceptual)
curiosity is the desire for new sensations. In our work, we
focus on sensory curiosity by defining the experiments in the
environment involving attention-attracting parameter values.

The agent picks an experiment from a set of predefined ex-
periments in the environment, performs it and gains experience
out of it. An emotive signal, influenced by the internal value
system, emerges when the agent interacts with the environment.
The value generated for the experiment by the internal value
system gets changed with time and accordingly affects the
emotional state. That emotional state directly influences the
experiment selection. The agent is excited while performing
the experiment and gaining experience. But any prolonged
excitement triggers boredom. This makes the agent to pick
another experiment from the predefined list of experiments.
Excitement varies with novelty and amplifies a specific skill.
Boredom varies with time, breaks that amplification and
motivates the agent to explore other experiments.

The agent may also pick an already performed experiment
except for the current experiment. This process continues
endlessly in any artificial embodied system which has the
ability to introduce new experiments in the environment.
Both excitement (positive mental state) and boredom (negative
mental state) encourage the agent to explore new experiments.

Thus, the emotional state of the agent, influenced by the
internal value system, drives adaptation in learning behavior
and leads to lifelong autonomous learning.

Figure 1: Embodied Agent with Feedback-loop between
Internal Value System and Emotional State
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